The energy spectrum, atom-dimer scattering length, and atom-trimer scattering length for systems of three and four ultracold atoms with δ-function interactions in one dimension are presented as a function of the relative mass ratio of the interacting atoms. The Born-Oppenheimer approach is used to treat three-body ("HHL") systems of one light and two heavy atoms, as well as four-body ("HHHL") systems of one light and three heavy atoms. Zero-range interactions of arbitrary strength are assumed between different atoms, but the heavy atoms are assumed to be noninteracting among themselves. Both fermionic and bosonic heavy atoms are considered. * nmehta@trinity.edu 1 arXiv:1401.3314v1 [cond-mat.quant-gas]
I. INTRODUCTION
authors [27] to study novel crystalline phases in Fermi mixtures.
In this paper, we consider 1D systems of three and four particles in which one particle is "light" (of mass m L = βm H with 0 < β < 1) in comparison to the remaining "heavy" (mass m H ) particles. We restrict our attention to cases of noninteracting heavy particles (a HH → ∞). Here, a HH is the 1D heavy-heavy scattering length. We denote the 1D heavylight scattering length simply by a. For cylindrical harmonic traps in which only the lowest transverse mode is significantly populated, the 1D scattering length may be expressed in terms of the 3D s-wave scattering length a 3D and the transverse oscillator length a ⊥ by the Olshanii formula [28, 29] :
where C ≈ 1.4603. Eq. (1) incorporates the effect of virtual transitions to excited transverse modes. When a ⊥ = Ca 3D , Eq. (1) predicts a "confinement induced resonance" (CIR), and the 1D scattering length vanishes.
The degree to which the renormalization of the 1D atom-atom scattering length by Eq. (1) accounts for the quasi-1D nature of the confinement in few-body calculations is not a trivial question [30, 31] . Fully quasi-1D few-body calculations are complicated by the fact that cylindrical confinement breaks spherical symmetry, and the total angular momentum of the three or four-body system is not a good quantum number. In this paper, we proceed under the assumption that meaningful few-body observables may be calculated with purely 1D
δ-function interactions, renormalized according to Eq. (1).
This paper is organized as follows. In Section II, we calculate the Born-Oppenheimer potential curve describing the effective heavy-heavy interaction as mediated by the light particle. The HHL bound-state spectrum and the H-HL scattering length is calculated as a function of the heavy-light mass ratio. The accuracy of the Born-Oppenheimer approximation is studied by comparison to the high-accuracy calculation of [23] .
In Section III, we calculate the two-dimensional potential energy surface describing the heavy-particle dynamics in the HHHL system. The adiabatic wavefunction describing the light particle is governed by a one-dimensional Schrödinger equation with three δ-functions.
We choose coordinates such that for a given permutation of heavy particles, the ordering of the δ-functions along the light-particle coordinate is fixed. The resulting energy surface is then used in a calculation of the three-body adiabatic hyperradial potential curves for the heavy particles. From those potential curves, the HHHL binding energies and H-HHL scattering lengths are calculated.
II. THREE-BODY (HHL) PROBLEM
Let particles 1 and 2 have mass m 1 = m 2 = m H and particle 3 have mass m L = βm H .
Throughout this paper, we seth = 1. For a zero-range heavy-light interaction of the form V ij = gδ(x i − x j ), the 1D H-L scattering length is a = −1/(µ HL g), and assuming a > 0, the heavy-light binding energy is B 2 = µ HL g 2 /2 = 1/(2µ HL a 2 ). For particle positions {x 1 , x 2 , x 3 }, we introduce the following unitless mass-scaled Jacobi coordinates (See Fig. 3 ):
Here, 
so that all energies are measured in units of B 2 . The Schrödinger equation then reads:
The parameter λ is the ratio of the heavy-heavy coupling to the heavy-light coupling. In this work, only λ → 0 and λ → ∞ are considered. The notational cost of scaling by B 2 is contained in the definition of the following unitless parameters:
We now assume the wavefunction may be approximated by the Born-Oppenheimer product:
where Φ(x; y) is a solution to the fixed-x equation,
and u(x) < 0 is the Born-Oppenheimer potential in units of the H-L binding energy. Note that the solutions Φ(x; y) and the potential curve u(x) are independent of λ. Inserting Eq. (9) into Eq. (5) and making use of Eq. (10) yields,
where,Q
It is understood that the integration in the matrix elementQ(x) is carried out over the y coordinate only, while the adiabatic coordinate x is held fixed.
A. Solution to The Adiabatic Equation
Equation (10) is symmetric with respect to the operation y → −y, and so the eigenstates Φ(x; y) must be even or odd under that operation. The elementary solutions that vanish as |y| → ∞ are conveniently written for positive y as:
where κ(x) = −2µ 3 u(x). For the even solution, A = 0, while for the odd solution, B = 0. Matching the wavefunctions, and imposing the derivative discontinuity across the delta-function at y = x 0 leads to the following transcendental equation for the eigenvalue κ:
Here, P = 0 corresponds to the (even) solution for which ∂Φ ∂y y=0
= 0, and P = 1 corresponds to the (odd) solution for which Φ| y=0 = 0. Borrowing language from molecular physics, one can view the P = 0 solution as belonging to the "bonding" orbital, and the P = 1 solution to the "anti-bonding" orbital.
The potential curves resulting from the x-dependent solution to Eq. (14) for β −1 = 22.08
(for Li-Cs mixtures) are shown in Fig. 1(b) and 1(d) . The potential curves shown in these two graphs are identical because Eq. (5) is independent of the heavy-particle symmetry. Any apparent differences are due to the energy scales on the graph. The bound-state structure, however, is dependent on the heavy symmetry through the boundary condition placed on ψ(x) at x = 0. Note that the λ = ∞ solutions to Eq. (11) for heavy bosons are identical to those for noninteracting heavy fermions. The boundary condition ψ(0) = 0 is applied for fermionic heavy atoms as well as fermionized bosonic atoms, leading to the correspondence first recognized in [32] . For small heavy-atom separations, there is no P = 1 negative energy solution to Eq. (14), and the light particle is lost to the continuum where the excited state potential terminates at the zero-energy threshold.
The atom-dimer scattering length and the HHL spectrum are to a very good approximation determined solely by the potential curve corresponding to the P = 0 solution to 
This result is not unexpected, since we have so far neglected the positive-definite contributioñ Q(x)/(2µ 3 ) to the heavy-particle kinetic energy. It is known that neglecting this "diagnonal correction" -which we call the "Extreme Adiabatic Approximation" (EAA) -yields a lower bound E EAA to the N -body bound-state energy. Including the diagonal correction, but neglecting any couplings between Born-Oppenheimer curves -an approximation we call the "uncoupled adiabatic approximation" (UAA) -yields an upper bound E U AA to the correct energy [33] [34] [35] [36] . We find for this problem that the trend in these inequalities E EAA < E < E U AA is already present in the threshold values of the adiabatic potential itself. In other words, we find that in the limit |x| → ∞, u(
In the next section, we explicitly calculateQ(x).
Using the solutions Eq. (13) The remaining normalization constant, B, depends on the H-H separation distance both explicitly, and implicitly through the eigenvalue κ:
Derivatives of the eigenvalue κ(x) are replaced by expressions involving κ itself by differentiating Eq. (14) with respect to x and solving for κ . We find that the nonadiabatic correctioñ Q(x) can be expressed as a rational polynomial in the separation distance x:
where we have defined the constant h = µ 3 g 3 . Evaluating Eq. (17) at the asymptotic value of the potential Eq. (15) 
in Eq. (11) yields the correct threshold energy to order (
In other words, for small β, the error in the threshold energy vanishes linearly without the diagonal correction, but quadratically when it is included. Interestingly, for the equal mass case (β = 1), the UAA gives the correct threshold energy to within 11%. This may seem a somewhat surprising result since the Born-Oppenheimer factorization is typically expected to fail catastrophically in this limit, however other authors [37] have found the Born-Oppenheimer approach to work surprisingly well for short-range s-wave interactions in 3D for a wide variety of mass ratios. It seems that the present 1D calculation shares similar good-fortune.
C. Numerical results for the HHL system
Here, we compare the present Born-Oppenheimer calculation for the HHL system to the high-accuracy calculations of [23] . Binding energies and scattering solutions are calculated in the UAA.
For the scattering calculation, u(x) andQ(x) are calculated to 15 digits on a uniform grid, and the Numerov method is used to propagate the solution out from x = 0 to some x max . The attractive well in u(x) widens as the mass ratio β −1 increases. An x max ∼ 40 is sufficient for β −1 < ∼ 10, but must be increased to x max ∼ 120 for β −1 ∼ 250. For a Numerov step size s, each integration step in the Numerov method can introduce an error of order s 5 .
For N s total steps, an upper bound to the asymptotic values of the wavefunction of order
is maintained less than 10 −10 . The asymptotic wavefunction is matched to:
The atom-dimer scattering length is then extracted from the effective range expansion as:
Here, k AD = 2µ 23,1 E rel , while k = √ 2µ 3 E rel . The mass ratios in Table I (discussed below) are obtained by a bisection root-finding algorithm (either on 1/a AD or on a AD ) to 6-digit precision. The number of digits reported here represents the precision of our calculation.
The accuracy is best estimated by comparing to the calculations of [23] .
Bound-state calculations are performed variationally by expanding ψ(x) in a basis of bsplines, and solving the resulting generalized eigenvalue problem. We have verified that the results are well converged with respect to the number of grid points used to interpolate the potential u(x), as well as the number and placement of b-splines.
In Fig. 2(a) , we show the three-body spectrum as a function of
The mass ratios at which a new state appears, marked by the red crosses for λ = 0 and red dots for λ = ∞, trace out a curve governed by the β-dependence of the threshold Eq. (18).
In the hyperspherical calculation of [23] , the threshold is reproduced exactly, and all dots and crosses appear at E 2 /B 2 = −1. The β = 1 HHL ground state for λ = 0 bosons was found in [23] to be (in units of B 2 ) E 3 = −2.087719, very close to the value E 3 = −2.08754 found much earlier in [38] . Here, we find that the EAA produces a lower bound of E 3,EAA = −2.4227, approximately 16%
deeper than the correct value. The UAA underbinds by about 11%, giving the upper bound Results are compared to Ref. [23] . An asterisk (*) denotes an exact result. 0.01%.
III. FOUR-BODY (HHHL) PROBLEM
Let us now turn to the calculation of four-body observables. The basic three-step recipe for this calculation is as follows. First, the Born-Oppenheimer method is used to calculate the 2D potential energy surface for the heavy particles in the extreme adiabatic approximation (EAA). Next, this potential energy surface is inserted into a calculation of the hyperradial adiabatic potential curves and couplings. Finally, the resulting set of coupled hyperradial equations is solved for the bound-states and atom-trimer scattering length. The entire procedure is then repeated for different values of β. If a sufficiently large number of hyperradial curves and couplings are included in the final step, then the accuracy of the calculation is limited almost entirely by the EAA made in the first step.
A. The adiabatic equations
For all four-body (HHHL) calculations that follow, we choose particles 1, 2 and 3 to have mass m 1 = m 2 = m 3 = m H and particle 4 to have mass m 4 = βm H . The solution to the adiabatic equation is most easily carried out using the "K-type" Jacobi coordinates shown in Fig. 3(b) , with unitless mass-scaled coordinates defined as:
Here, µ 4b = (µ 12 µ 12,3 µ 123,4 ) 1/3 is the four-body reduced mass. Again, we rescale the Schrödinger equation by the heavy-light binding energy B 2 . The full four-body Schrödinger equation then reads:
where α = √ 6[(3 + β)/β] 1/6 , φ 12 = π/2, and φ 23 = −φ 13 = π/6. Again, rescaling by B 2 introduces the following unitless parameters:
(23)
where φ 1 = −4π/3, φ 2 = 0, and φ 3 = −2π/3. The particular choice of Jacobi coordinates Eq. (21) has the advantage that the separation distances x 12 , x 13 and x 23 are all independent of the z-coordinate. The heavy-particle dynamics is restricted to the x-y plane, and the light particle can be integrated out by solving an equation in the z-coordinate only, with fixed x and y. The transformation to hyperspherical coordinates is accomplished by expressing x, y, and z in terms of the usual spherical polar coordinates R, θ and φ. The heavy-particle subsector is then described by x = ρ cos φ and y = ρ sin φ, where ρ = x 2 + y 2 is the projection of R onto the x-y plane: ρ = R sin θ, and z = R cos θ.
Clearly, fixing x and y is equivalent to fixing ρ and φ. We make the Born-Oppenheimer factorization:
where the adiabatic equation for the Born-Oppenheimer surface is:
The heavy-particle eigenstates now live on the potential energy surface U (ρ, φ), and satisfy (in the EAA):
Finally, we describe ψ(ρ, φ) as a sum over adiabatic channel functions:
where χ n (ρ; φ) satisfy the fixed-ρ equation:
Because we only consider λ = 0 and λ → ∞, the δ-functions in Eq. (30) result in simple boundary conditions at φ = π/6. For arbitrary λ, one would need to account for the λ-dependent derivative discontinuity at φ = π/6. Inserting the expansion Eq. (29) into Eq. (28) results in a set of coupled equations in ρ, which are conveniently written in matrix form as:
Here, U eff is a diagonal matrix with elements U n (ρ) − 1/8µ 4 ρ Identical particle symmetry of the heavy particles allows one to restrict the domain of the four-body wavefunction to the region 0 < φ < π/6. Thus, for a given permutation of heavy particles, the locus of points describing the coalescence of a heavy particle and a light particle -i.e. when z is equal to z i -remain ordered z 1 < z 2 < z 3 along the z-coordinate.
Because the ordering is independent of ρ and φ, the solution to Eq. (27) for all ρ and all
The boundary condition on χ(ρ; φ) at φ = 0 is determined by a combination of the parity operator,Πφ → φ + π, and the 1-2 permutation operator,P 12 φ → π − φ, by the rule:P 12Π φ → −φ. Considering positive parity, the boundary conditions on χ(ρ; φ) for noninteracting bosons are: does not reproduce the correct threshold behavior in any of the atom-trimer channels. This is because the fixed-ρ solutions as ρ → ∞ should approach the HHL bound-state energies from the spectrum in Fig. 2 with the correct ρ-dependence. In particular, at large ρ we find that Q 00 (ρ)/2µ 4 → −1/8µ 4 ρ 2 , and exactly cancels the +1/8µ 4 ρ 2 in the U 0,eff . That is, the effective potential with the diagonal correction approaches a constant, and describes a 2-body channel to which Eqs. (19) and (20) may be applied with the replacements ψ → f , indicate an HHHL bound state at the atom-trimer threshold energy. As the mass-ratio β Li-Cs mixtures, one might expect two universal tetramer states. For fermionic particles, the first HHHL bound state appears at β −1 = 46.1.
IV. SUMMARY AND OUTLOOK
We have calculated three-body and four-body spectra, as well as the atom-dimer and atom-trimer scattering lengths for two-component systems with one light particle, as a function of the mass ratio. Heavy particles are assumed to be noninteracting, and the fourparticle system is assumed to be in free-space. Both bosonic and fermionic heavy particles are treated. For the HHL system, the Born-Oppenheimer method gives good quantitative agreement with the hyperspherical calculations of [23] . For the HHHL system, the potential energy surface governing the heavy-particle dynamics is calculated in the "extreme adiabatic approximation". That surface is then used to calculate hyperradial potential curves and couplings. The values for the resulting atom-trimer thresholds converge to the appropriate three-body bound state energies, lending some confidence to the HHHL calculation.
Let us now discuss possible extensions of this work. Note that we have scaled away the only length scale, a, that appears in our model. There are two immediate generalizations that expand the parameter space considerably.
First, there is the generalization to arbitrary H-H interactions, which introduces the H-H scattering length a HH . Such an extension was already treated at the three-body level in [23] , but no such four-body calculations have appeared in the literature. In a hyperspherical calculation, the additional derivative discontinuity in the angular wavefunction is treated analytically, and the hyperradial potential curves are calculated as the solution to a single transcendental equation [21, 23] . The HHHL Born-Oppenheimer calculation for bosons can be extended to arbitrary λ by choosing a b-spline basis set that satisfies the boundary condition,
With this generalization, one can smoothly transition between the energies shown in Fig. 5 and Fig. 6 , passing from noninteracting bosons to the fermionized limit.
The bound-state calculation can be extended by the introduction of a harmonic trapping potential, which separates into relative and center-of-mass parts under the transformation to Jacobi coordinates. This extension would establish a connection with several papers that have appeared recently, treating equal-mass two-component systems [39] [40] [41] . The addition of a trapping potential would introduce excited potential energy surfaces and the possibility of interesting physics beyond the Born-Oppenheimer approximation.
Here, we have only considered the "3+1" branch (i.e. the HHHL system) of the few- reduces to the result found recently by Patil [42] .
